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1. INTRODUCTION 
Let 5 be a system of identities. A congruence 5 on a semigroup S is called 
a F-congruence on S if S/E satisfies all the identities in F. The partition of S 
induced by a F-congruence is called a F-decomposition of S. Given .F 
and S there exists a smallest F-congruence on S, denoted by .$- [I, S]. The 
decomposition of S induced by & is called a greatest .F-decomposition of 5’. 
If,&=ws, ws being the universal relation on S, i.e.; S ;K S, then S is said 
to be F-indecomposable; if & + ws , S is called F-decomposabie. Let .7 
and Y be two systems of identities. We define .F G Y to mean thatasemigroup 
satisfies Y whenever it does F. If  7 0 Y and Y (T 3 then 7 and Y are called 
equivalent, denoted by F B Y. F is called trivial if 5 is either equivalent to 
{x = x), or equivalent to (x = y). 
Let G be a class of semigroups. A system F of identities is called “attainable 
on G” if, for each S E G, every congruence class of S module & , which is 
a subsemigroup of S, is F-indecomposable. 
In the previous paper [IO] the author proved the following theorem. 
THEOREM 0. A nont&Gal system F of idehties is attainable on the class 
of all semigroups if and 0121) if 7 is equivalent to (TC = x2! xy = yx). 
In the same paper he did not argue about attainable systems of identities 
on the class of all bands, i.e., idempotent semigroups, but stated that a 
nontrivial 9 is attainable on the class of all bands if and only ifF is equivalent 
to {xy = yx). However, this is not true and should be corrected as follows. 
THEOREM I. A nontk~ial system F of identities is attainable 0%: the class 
of all bands if and or+ if 9 is equivalent to one of the jbllozoi?g: 
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The purpose of this note is to prove Theorem I to supplement the explana- 
tion in the previous paper [lo]. Throughout this paper the discussions for 
dual cases will be omitted. We will use a fundamental knowledge with 
respect to the construction of &- when Y and S are given [9]. 
2. ATTAINABILITY OF (xy = y> ON BANDS 
Let S be a semigroup. A congruence p on S is called a right zero congruence 
if S/p is a right zero semigroup, i.e., a semigroup satisfying the identity 
ivy =y. 
LEMM.~ 2. Let 7s = {(x, y) E S x S: x E Sly} where s1 = S u (1). Then 
the transitive closure ps of rs v  rs -’ is the smallest right zero congruence on S 
where 7~~ = I( Y, 4: (XT Y) E T.s>* 
Proof. By the assumption, ps is transitive; it is easy to see that p,isreflexive 
and symmetric. To prove compatibility let ap,b. There is a sequence of 
elements 
such that 
a = a,, a, ,..., a,-, , a, = 6 
47s U ~2) aif , i = 0, 1 ,..., n - 1. 
(1) 
Let c E S. It is easy to show that ai( 7s U T-,‘) aif implies aic(rs U 7;‘) ai+,c 
(i = 0, l,..., n - l), hence acp,bc. Next ai(Ts u T;‘) ai+ implies 
whence caipscai+, (i = 0, I,..., n - 1). Therefore, cap,&. Thus, ps is a 
congruence. Since (my, y) E Ts c ps for all X, y E S, ps is a right zero congru- 
ence. Finally, to see that ps is smallest, let p’ be any right zero congruence 
on S. Clearly Ts U T;’ c p’ and hence ps c p’. Q.E.D. 
LEMMA 3. If S is a band, Sa is right zero indecomposable for all a E S. 
Proof. Let T = Sa. Following the notation in Lemma 2, xaTTa because 
xa = (Xa) a2TTa2 = a where 3L*a, E Sa. Thus, xap,a for all xa E Sa. There- 
fore, T is right zero indecomposable. Q.E.D. 
THEOREM 4. The identity {xy = y} is attainable on the class of all 
bands. 
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Proof. Let S be a band and U be a p,-class of S. To prove that U is right 
zero indecomposable, we show that ap,b for distinct elements a and b of U, 
Now since ap,b, there .is a sequence (1) of elements 
such that 
a = a, , a, ,..., a,-, , a, =b 
4~ U ~2) aj+l , i = 0, 1 ,‘..) IZ - 1. 
Assume aiTTSaifl . Then ai E Sa,+l . Let r be the restriction of ps to Sal,, 1 
Clearly m is a right zero congruence on Saicl ) but by Lemma 3, n is the 
universal relation on Su,+r; in particular adz-aitl , hence, aipsai+, (i = 0, I,..., 
12 - 1). Even if we start with ai+17saj we have the same conclusion. Thus, 
if a and b are in Li, then aI ,..., a,-, are all in U. Let aiT,a,+, . Then ai = xaiG.r 
for some x E S. However, aiaifl = ~a~+~ = ~a~+~ = ai where ai , aifl E LT. 
This shows that aiTUaifl (i = 0, l,..., B - 1). Hence, we have ap,,b. Q.E.D. 
Likewise (xy = x} is attainable on the class of all bands. 
3. NON-ATTAINABLE IDENTITIES 
Following Kimura and Yamada [6, 11, 121, a band is called 
rectangular if the identity xyx = x is satisfied, 
left normal if the identity xyz = xzy is satisfied, 
right normal if the identity xy,z = yxz is satisfied, 
left regular if the identity xyx = xy is satisfied, 
right regular if the identity xyx = yx is satisfied, 
normal if the identity xy.zx = xzyx is satisfied. 
We note that 
{xyx = x} 6 {x = x2, .Ty.z = X%>, 
Let 157 be a set of a finite number of letters and F be the free semigroup 
generated by a, i.e., a finitely generated free semigroup. Let X be a word, 
i.e., an element of F. E(X) denotes the set of all letters which appear in X, 
Let H,(X) be the first letter in X, L,(X) be the final letter in X, H,(X) the 
sequence consisting of the first two letters in X, and L,(X) the sequence 
consisting of the final two letters in X. H,(X) and L,(X) are the same as 
H(X) and L(X), respectively, which were used in [lo]. 
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Let S be a finitely generated free band, i.e., the factor semigroup F/a 
of a finitely generated free semigroup F modulo the congruence 01 which is 
generated by a relation on F 
{(X, x”): X E F}. 
Note that 5’ is finite [2, 71, but this fact is not essentially used here. 
Every element X of F has the form 
where a, ,..., a, are elements of 011 and ai f  a,+l (; = l,..., k - 1) and m, 
(z’ = l,..., k) are positive integers. For X, define X’ by 
X’ = alat -a* a,. 
X’ is called the power-reduced word of X. 
Let X be an element of S, i.e., the c&ass containing X EF. We define 
E(X), &(X), and L,(X) as follows: 
E(X) = E(X), 
XT&Y) = H,(X) (i = 1, 2), 
E,(X) = L,(X) (i = 1, 2). 
These are well defined since we can see that, if X = Y, then E(X) = B( Y’), 
H,(X) = Hi( Y’) (i = 1, 2), L,(X) = L,(Y’) (i = 1, 2). Let X, YE S. 
If  / E(X)] 3 2 and / E(Y)] > 2, then 
-- 
H,(XY) = H,(X) (i = 1,2), 
-- -- 
L,(XY) = Li( Y) (i = 1,2). 
PROPOSITION 5. The identity {xyx = x} is not attainable on the class of all 
bands. 
Proof. Let S be a free band generated by three letters a, b, c. The smallest 
rectangular band congruence 7 on S is obtained as a congruence on S generated 
by ((XYZ, XZ): X, I’, Z E S}, and it can-be easily shown that 
AyB if and only if RI(A) = RI(B) and&(A) = L,(B). 
Consider a q-class S(o,L) : 
SC~,~) = (X E S: RI(X) = a, &l(X) = b}. 
Let xi , xs , yi , ya denote one of a, 6, c and define S((z,z,,s,y,)) by 
S((2pT2,?11?12)) = {X E s: ffi(X) = XIX2 ) L,(X) = y1y2}. 
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Then we have a decomposition of SC~,~) 
&Lb) = Ske7b)) ” Sm,co)) ” Gw,ob)) ” GM/)) . 
The four subsets at the right side are disjoint nonempty aubsemigroups, and 
this is a rectangular band decomposition of SC~,~) . Q.E.D. 
PROPOSITION 6. The identity {ayz = xzy} is lzot attainable on the class C$ 
all bands. 
ProoJ Let S be the same as defined in the proof of Proposition 5. Let 5 
be the smallest left normal band congruence on S. Then I; is a congruence 
generated by a relation {(XYZ, XZY): X, I’, Z E S>. We can see that 5 is also 
given by 
Define 
-g[B if and only if E(A) = E(B) and H,(A) = g,(B). 
A’,,, = {XE S: E(X) = {a, b, c], f?l(X) = a}, 
&7b] = {XE S: E(X) = (a, b, c), f&(X) = ab), 
SLaGI = {X E S: E(X) = {a, 6, c;, Hz(X) = ac] 
Then S,,, is a l-class and we have a decomposition of S,,] 
This is a left zero decomposition of S,,, . Since a left zero semigroup is a left 
normal band, the above decomposition is also a left normal band decomposi- 
tion of S,,, . Q.E.D. 
PROPOSITION 7. The identity (xyx = xyj . zs not attainable on the class of 
all bands. 
Pmo$ Let S be the same as used in the proof of Propositions 5 and 4. 
The smallest left regular band congruence y  on S is a congruence generated 
by ((XYX, XI’): X, YE S}. It can be shown that 
dyB if and only if E(A) = E(B) and g2(A) = Ra(B). 
We define the following subsets 
Sfab) = (X E S: E(X) = {a, b, c}, E&(X) = ab), 
Sfabc) = (X E S: E(X) = {a, b, c}, X has the form X = abc.-.}, 
Scabacj = (X E S: E(X) = (a, 6, c}, X has the form X = abar.-). 
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Then Stab) is a y-class of S and we have a left zero dedomposition of Stab) 
This is also a left regular band decomposition of Stab1 . Q.E.D. 
Thus, we have proved each single identity, rectangular band, left normal 
band, right normal band, left regular band, right regular band, is not attainable 
on the class of bands. 
4. NONATTAINABLE SYsmus 
Let Y be a system of identities on the class of bands: 
9 = (x = x2, fn = g,: x E fl], 
where f,, and g, are words. If  Y is also a system of identities and if Y (I Y, 
then Y u ( fA = gh} f  orallhEA.IfYu5andYCY,thenY8Y.Let& 
and & denote, respectively, the smallest F- and {f,, = g,}-congruence on a 
semigroup. Let D be any semigroup. f,, is obtained as the congruence on D 
generated by {( fA , g,): all letters in fn and g, are replaced by elements of D}. 
Then 6~ is the congruence generated by lJ {h: h E A>. 
Note that if Y G Y then &- C tsp. 
Let X be a word, X E F. For X, the initial part I(X) (the final part F(X)) 
of X is defined to be the shortest word, taken from the left (right) of X, 
which contains all letters in E(X). 
For convenience we copy the following lemma from [IO]. In the following 
@I)-(8.7) are due to Kimura [6] and Yamada [12]. 
LEMMA 8. Let TO = {x = 2, f  = g}. 
(8.1) E(f) = -w, h(f) z m9 and-h(f) f L(g) if md @Y if 
To 3 (x = .a+, xy = yx}, semilattice. 
(8.2) E(f) f Wg), &(f) + K(g) and -h(f) Z&(g) ;f and on& if 
To 6 {x = y}, uniuersdity. 
(8.3) E(f) f Kd, K(f) = J%(g) and&(f) #L,(g) if and 04 if 
To 6 {xy = x}, left zero semigroup. 
(8.4) E(f) i E(g), HI(f) i H,(g) ud L,(f) = L,(g) if und only if 
F. 6 {xy = y}, right ,zeYo semigroup. 
(8.5) E(f) f  E(g), K(f) = K(g) afld L,(f) = L,(g) ;f  and only zjc 
F. ~5 {xycc = x}, rectungulur band. 
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(8.6) E(f) = E(g), I&(f) = H,(g) and &If) f i,(g) ;s and on& 
if either YO 6 {x = x2, xyx = xy}, left regular band, zjf I(f) = I(g); or 
r(( 6 (x = x”, xyz = xzy), left normal band, if I(f) i I(gj. 
(8.7) E(f) = E(g), f&(f) + H,(g) and L,(f) = L,(g) if and ouly i/f 
either TO 6 {x = x2, xyx = yx}, right regular band, q F(j) = F(g); or 
F. B {x = 9, xyx = yx,z~>~ right norma band, ifF(f) + F(g). 
(8.8) E(f) = E(g), I&(f) = II,(g) and L,(f) = L,(g) if and o?ziy $f 
(x = 9, 3yzx = x.zyx} (3 To . 
PROPOSITION 9. If {xyx = x> (T ,T-, tken r is ?zot attainable on the class qf 
all bands. 
Roofs Let FA = {x = x2, fA = gn). Then 5 = & FA where u is set 
union. As remarked above, {xyx = x) u 7, for all h E fl. By Proposition 5 
we can assume {xyx = x} 3 5 without loss of generality, hence Tj 3 {xyx = x> 
for all X E /l. It immediately follows from Lemma 8 that 
WJ = -Q,hj, WfA) = WgJ, MfJ = h(g,J for all h E fl. (9.1) 
Pick an identity fi = g, from Y. We can assume that (jl = g,) 3 {x = x2> 
and / E(j,) u E(g,)I = k > 1. Let S be a free band generated by lb + 1 
letters. Then ,Y&- + cs , where Lo denotes the equality relation on S, since 
fr and g, induce distinct elements of S and (fr ~ g,) E f,- . Let 7 denote the 
smallest rectangular band congruence on S. As stated in Proposition 5, 
A$3 if and only if ii,(A) = PI(B) andG(J) = z,(B). 
Clearly q f  ws . On the other hand &- C 71 because (syx = .vj in Ye Hence, 
6 y  f  ws . Let S be the smallest semilattice congruence on S. ASR if and 
only if A = ABA and B = BAB (see [7]). Clearly 6 + is , S f  ws ~ By 
(9.1) and the remark on the construction of En , we conclude that fA C S for all 
X e/l and, hence &- _C 6. Thus, each &-class is contained in some S-class. 
It is known: however, that each S-class is a rectangular band [7]. Since &- 16, 
some &--class S, of S is a nontrivial rectangular subband, therefore: S, is 
-Y-decomposable. Q.E.D. 
Remark. In fact &- C 6 and & C 7 hold for S. First 7 g 6 and 6 g ?;~ 
Otherwise one of 6 and 7 would be ws because a semigroup is trivial if it is a 
semilattice and a rectangular band. It follows that &- C 6 and &- C T. 
5. CONCLUSION 
In fact the essential part of the proof is finished. This section concludes 
the proof of Theorem 1 by considering all the systems of identities on bands. 
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Let~==(.r=x”,f,=g,,f,=g,:XE(1}. Wecan assume{fr=gr}$ 
VA = gJ for all h E 4 and U,sl = gAJ 3 tfh, = gAJ for 4 f  X2 . 
We classify all cases of Y by considering the type offi = g, . The following 
lemma is an immediate consequence of Lemma 8 and the fact that if Y u Y 
then Y 6 (9 u F-> where u is the set union. Also, it is almost obvious from 
the paper of Fennemore [3,4, 51. 
LEMMA 10. 
(10.1) IjY contains {xy = xl-, then either T 6 {xy = x} or 9 6 {x = y}. 
(10.2) If  F contains (xy = y>, then either 9 6 (xy = y> or F 8 {x = y]. 
(10.3) Iffs contains (xy =yx}, then either F 8 {xy =JW} OY F 6 (x =y>. 
(10.4) If  T contains {xyx = x], then one of the followilzg holds: 
r 6 (xyx = x}, 9 6 {xy = x), 9 6 {xy = y}, 5 b (x = y}. 
(10.5) If  F contains {x = x2, xyz = .my>, then one of thefollowing holds: 
9-6(x = x”,xyz = x,zy},~l?{xy = x},T-6{x =x2, xy ==yx), Fl?{x =y}. 
(10.6) If  Fcontains{x = x2, xyx = yxzj, 1 then one of the following holds: 
~~{x=x”,xyyz=yx~),~~{“~y=y},~~{(x=x2,xy=yx},~~{x=y}. 
(10.7) If  F contains {x = x2, xyx = xy}, then one of the following holds: 
9 b (x = x2, xyx = xy>, 9- & (x = x2, xyz = xzy), F 6 {xy = xl, 
r 6 {x = x2, xy = yx}, 9- B {x = y}, {x = x2, xyzx = x,zys} u 9-. 
(10.8) If  7 contains {x = x2, xyx =yx}, then one of the following holds: 
r 6 (x = x2, xyx = yx>, r b {x = x2, xyx = yxx), F 6 (xy = y], 
F I3 {x = x2, xy = yx>, 9- 6 (x = y], {x = x2, xy2L-c = xzyx) u 9-. 
(10.9) If  5 contains (x = x2, xyxx = x~yx}, then we hnae either 
F 6 (x = x2, xy,zx = xxyx> OY one of the conclusions of (10.41, (10.5), arzd (10.6) 
(10.10) If  9 does not satisfy the assumptions of (10.1) through (10.9), 
then E(fJ = -%,A H1(fn) = %(gJ, L(A) = Ugh) for all h E fl U 0); 
hence, (x = xB, xyzx = x~yx} CT 5. 
Putting Lemma 10, Propositions 5, 6, 7, 9, Theorem 4, and their duals all 
together, we see that only (xy = x} and {xy = y} are nontrivial attainable 
systems of identities except {x = x2, xy = yx}. This completes the proof of 
Theorem 1. 
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